
 
Linearsysterns

In this section X is a nonsingular projective variety over
b hi In this setting all Weil divisors are Cartier so

linear equiv classes of Weildivisors are in correspondence with

isom classes of invertible sheaves i e

UX Pick

We will see that given any divisor D we have another

important correspondence

effective some II staff D
Def let L be an invertible sheaf on X and S E X L

The divisor of zeros of s 5 o is defined as follows

let Ui be an open coven of X s t Llui is trivial and
fix isomorphisms

Yi Hui E Oui

Set Si Yi s c f Ui Oui and s Ui Si

We need to check that Cdo is actually a divisor i e we

need that j is regular and a unit on UinUj
Consider the diagram below



S S
Hui L Uj

S L e
flusinuj

gSi O 0 Ujduil f Yb e taluinuj
Uinuj

SjS

since
this

is an isomorphism

Sj Usi U a unit Thus

Sys c 0 Uihuj

Thus Glo Ui Si defines a divisor which is effective since

each si is regular on Ui

Now we can prove the correspondence mentioned above

Pyp let D be a divisor and L D

If se T X L nonzero then 5 o D

If E is an effective divisor s t E n D then C s

for some se f X L

let s s e T X L Then 5
o s o s As for some

7 c k

Thus we get the correspondencedescribed above



PI D is a Cartier divisor so we can write

D Ui.fi

Then D is a subsheaf of 74 so se k't

On each Ui O D lui fOui So we get
isomorphisms

ti
Yi 0 D lui Oui

Thus 5 o Ui stil D t s so 6 o D is

principal and thus 5 o D

E n D E D t t some f e k't In particular
Dt t is effective so by definition f e f X 0 D

and by the construction in part C f o

If s o 5
o then by part we can think of

s s e K't Thus Using the above construction we have

local isomorphisms
fi

Yi Hui Oui

so on each Ui Sfi Sfi O

sing
and Ks 20

Thus 0 globally so E VX f k't D
sinceX is aproj

variety

over k



X
Ex let D Co 1 c IP Then OCP Oci We

can also describe P as the locally principal divisor

P specH I 1 spgq.NET t

Thus OCP fu On and OCP u HOU Ou
n I e
y

Take theglobal section 2xty CTCP Oh

This corresponds to 5 2 E f IP p E k't

So S 2 1 E T UiBu and

S I Eye 11 E TCU Onay

Globally this corresponds to thepoint w homogeneous egh
2X y as desired i e Cli 2

Def A te.vn on X is the set at all

effective divisors linearly equivalent to some given
divisor D denoted IDI By the Prop IDL is in

one to one correspondence w IP T X 0 D

A linearsy stem on X is the set of divisors corresponding
to IP V where V E f X DJ is any subspace



All the dimensions are finite since f X D is a fd Kvector

space

EI If L E PI is any line then

14 efffftideegrudinoisfers linesin IP

Of course thesecorrespond to

IP c 1102,0 i axtbyi.cz k Pjclosedpoints
If we take ECCP 041
to be lines through CoO D

Tina L t ie
Note that in this example all the sections of V vanish

at Co O D This is called a basepoint More generally

Def PEX is a basepoint of a linear system 0 if
PE SuppD for all Def If d has no base points it is

base point feree Equivalently if VE T X L is the

corresponding subspace P is a base point iff SpempLp

for all se V In particular d is b p f iff L is generated

by or a basis of V

Thus a morphism from X IP is equivalent to a bp f



linear system on X and a spanning set so Sue V

Remark If J is a bpf linear system corr to V then

the morphism Corr to d is the one determinedby a
basis of V Any other morphism will differ by an

automorphism of

IP.GEcinuifion If 4 X P is determinedby the
b p f linear system 8 the divisors in 8 are the pullbacks

of hyperplanes in IP

Ex let V span of s3tt3 s't st2 in T X 3

4 IP p2
sit i s3tt3 set st2

A hyperplane ax by cz in IP pulls back to the Zero

set of a s3tt3 bls't te SE a section in V

Notice that if Oil is a zero of a section of V then

a O so I O is a section as well That is any hyperplane
sectionthrough 440 D also contains of
f

T
4 Clio i e they have
the same image or I7fgf
doesn't separate points 7

imageof4



Ex let's lookagain at the cuspidal cubic

4 sit Est it S3

Any section vanishing 73

at Clio is of the form mage
of
a
O

a st t bt3 t as tbt

which has corresponding divisor

2 l O t f b a i e nosection vanishes to order 1

What is happening here

Consider an affine open 2 L containing the cusp
It intersects w the curve in Spec 1 3 ya
Set me Cx y corresponding to the cusp Then

Mme
x yyx g 2

is two dimensional i e every line throughthe point is

tangent to the curve at that point

We can rephrase the conditions for when 4 is a closed

immersion in terms of linear systems

Phys If f is bp f and induces 4 X IP then 4 is a

closed immersion



If P Q c X there is D e d s t PeSuppD QF SuppD
and

closedbts

If PeX tcTp X mympy then there's Def s t

PeSuppD but t 4Tp D i.e there is some divisor

D containing P s t t is not tangent to D at P

v
Then in the above example Tp X where

X SpeckCt and for any divisor D containing
P the origin

D SpeckCt 2 fat bt

so Tp D tYtjY Tp X so it doesn't satisfy

EI X blowup of P2 at COO I i e

X Cp e c

P'xp pet
P

sthroughthispt

in

RiggsIf the IP has homog coordinates Pootix
x y z and the IP has words sit

then X is defined by xt yS in IP xp X has three

obvious maps to projective space

projection IT X IP the blowingdown IT is an E

isomorphism away from the origin and fiber over origin P



iii ipull back of all lines
e g if Lx Vz in IP I
turn it pulls back to Ia J
an irreducible line in X

But Lx V y the

x axis in the chart

Speck z Hz pulls back

to C Tx The sum of E the exceptional divisor and

the closure of the generic point of L on X check details

here This linear system is denoted IT HI

Projection X IP given by an invertible sheaf

M and sections g t The linear system consists of lines

corresponding to the fibers of the projection

iii iii Iii I
pulls back to the section bs at
of M whose divisor of zeros

is the line Ca b a b El E X 1
The linear system is 141 17 11 El



The composition of

X P'xp 1ps
7

Segreembedding
Corr to inv sheaf
of type 1,1

This is given by a very ample invertible sheat N and

global sections sx sy sz tx ty tz monomials of bidegree 1,11

The corresponding linear system is 121T'tH El Note that

Sy tx so this wraps into a hyperplane in IP Think

through the details of this


